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Abstract. Extended nonparabolic multivalley balance equations including impact ionization (II) process
are presented and are applied to study electron transport and impact ionization in wurtzite-phase GaN
with a Γ1, L−M , and Γ2 conduction band structure at high electric field up to 1000 kV/cm. Hot-electron
transport properties and impact ionization coefficient are calculated taking account of the scatterings from
ionized impurity, polar optical, deformation potential, and intervalley interactions. It is shown that, for
wurtzite GaN when the electric field approximately equals 530 kV/cm, the II process begins to contribute
to electron transport and results in an increase of the electron velocity and a decrease of the electron
temperature, in comparison with the case without the II process. Similar calculations for GaAs are also
carried out and quantitative agreement is obtained between the calculated II coefficients by this present
approach and the experimental data. Relative to GaAs, GaN has a higher threshold electric field for II
and a smaller II coefficient.

PACS. 72.10.-d Theory of electronic transport; scattering mechanisms – 72.20.Ht High-field and nonlinear
effects – 72.20.Jv Charge carriers: generation, recombination, lifetime, and trapping

1 Introduction

Recently, extensive experimental investigations on GaN
have been made owing to its favorable material properties,
such as a large direct band gap, high temperature stabil-
ity, and high thermal conductivity, which make it an ideal
material for blue and ultraviolet electroluminescent de-
vices, and high-temperature/high-power device. Very effi-
cient light-emitting diodes [1], blue lasers [2], short-length
InGaN/GaN heterostructure field effect transistors [3],
GaN-based superlattices [4] and quantum wells [5], have
already been reported. With regard to theoretical studies,
as early as 1975, Littlejohn et al. [6] performed a calcula-
tion of mobility and electron velocity in GaN by using a
single-valley Monte-Carlo (MC) model and demonstrated
the possible existence of a negative differential mobility
at high electric fields. Das and Ferry [7] calculated the
average electron velocity of GaN assuming a Maxwellian
distribution and showed that the zincblende structure ex-
hibits very different conduction properties from those of
the wurtzite structure. Gaskill [8] made an investigation
on Hall mobility of wurtzite GaN based on the contraction
mapping solution of Boltzmann equation. Recently, either
a two-valley [9,10] or a three-valley [11] model is used for
simulation of the steady-state electron transport in bulk
GaN by an ensemble MC technique and the detailed de-
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pendences of drift velocity and intervalley transfer on the
electron density, doping concentration, and lattice tem-
perature are shown. However, study of impact ionization
(II) process [12] in GaN is relatively lacking.

The balance-equation approach [13] to hot electron
transport has recently been extended to include II pro-
cess and has successfully been used to study II coef-
ficients of bulk InSb [14] with single band structure.
The purpose of this work is to extend this II model
to multivalley semiconductor systems and apply it to
study hot-electron transport and impact ionization in
wurtzite GaN at high electric field (up to 1000 kV/cm).
The electric field dependence of the electron drift veloc-
ity, the average electron energy, and the fractional electron
density are calculated and presented with and without the
inclusion of the II process. The electron-hole pair genera-
tion rate and II coefficient of GaN turn out be in signif-
icant difference from those of GaAs obtained by similar
calculations.

2 Nonparabolic multivalley balance equations
including II process

Considering a semiconductor having a band structure of s
valleys with an energy-wavevector relation εa(k) for elec-
trons and εha(k) for holes in each valley (a = 1, 2, ..., s).
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Under the influence of a uniform electric field E, the car-
rier conduction is described by the following equations for
the carrier density, effective momentum, and energy bal-
ance for each valley (a = 1, 2, ..., s, ~ = 1 throughout the
paper)
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The above equations are the extension of the balance
equations [15,16] to include II process for semiconductors
having multiple valleys. The transport state of electrons
in the ath valley is described by the electron chemical
potential µa, the electron temperature Ta and the lat-
tice momentum shift pa. On the other hand, the drift
movement and heating of hole gases are negligible in
comparison with those of the electron gases so that the
hole gases can be described by the lattice temperature
T and a hole chemical potential µha in each valley (a =
1, 2, ..., s). The electron density in ath valley is given
by na = 1/

(
4π3
) ∫

d3kf ((εa (k)− µa) /Ta). The average
velocity va, the average energy εa, and the ensemble-
averaged inverse effective mass tensor Ka of electron in
valley a are defined respectively as va = 〈∇εa (k)〉 ,
εa = 〈εa (k)〉 , and Ka = 〈∇∇εa (k)〉 , in which 〈· · ·〉
stands for the weighted integral over a Brillouin zone in
k-space: 〈· · ·〉 = 1/

(
4π3na

) ∫
d3kf ((εa (k)− µa) /Ta) · ··

with εa (k) ≡ εa (k− pa) and f(x) = 1/ [exp (x) + 1] the
Fermi distribution function. In equations (1, 2, 3), gaii A

a
ii,

and W a
ii are respectively the generation rate, II-induced

acceleration, and the II-induced energy-loss rate of ath

valley, which describe the contribution of the II process
to electron transport. Their expressions are obtained by
similar calculation for single valley system [14]

see equations (4, 5, 6) above

in which εhak is the energy of a hole with momentum k
and µha is the hole chemical potential in the ath valley.
The Fourier representations of the band-band Coulomb
interaction matrix element in the ath valley is given by

Ma
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κ
, (7)

with a dielectric constant κ, and a reciprocal screening
length q0 =

√
nae2/κε0Ta. Icc and Icv are overlap in-

tegrals of conduction-conduction and conduction-valence
bands, respectively. The overall electron average velocity
and the average energy are obtained by vd =

∑
a nava/n

and ε =
∑
a naεa/n, respectively, with n =

∑
a na the to-

tal electron density of the system. The electron-hole gen-
eration rate in the whole electron system is expressed by

gii =

∑
a nag

a
ii

n
, (8)

and the II coefficient of the whole electron system is given
by

αii =
gii

nv
· (9)

3 Results and discussions

We have performed a quasi-steady-state calculation of car-
rier transport in bulk GaN by assuming that the left-hand
sides of equations (1, 2, 3) (in which s = 3) equal zero
in the field range of 0−1000kV/cm. In this quasi-steady-
state case, since the momentum- and energy-relaxation
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Table 1. Wurtzite-phase GaN parameters used in the calculations.

Band gap (eV) 3.5

Material density (g/cm3) 6.1

Effective hole effective mass (m0) 1.0

Longitudinal sound velocity (105 cm/s) 4.33

Static dielectric constant 8.9

high frequent dielectric constant 5.35

Acoustic deformation potential (eV) 10.1

Optical phonon energy (meV) 92.0

Intervalley phonon energy (meV) 92.0

Intervalley coupling constant (109 eV/cm) 1

Valley Γ1 L–M Γ2

Electron effective mass (m0) 0.19 0.4 0.6

Nonparabolicity (eV−1) 0.183 0.065 0.029

Energy separation (eV) (relative to Γ1 valley) 0 2.0 2.1

Number of equivalent valleys 1 6 1

times are much shorter than the carrier-number relaxation
time, the average electron velocity and electron energy be-
come steady while the total number of carriers is still in-
creasing due to II process with a constant rate, namely,
the electron-hole pair generation rate gaii (= dna/dt). We
use a three-valley model: Γ1, L–M , and Γ2 valleys, for the
conduction band of wurtzite-phase GaN, which are ob-
tained from the pseudopotential calculation of band struc-
ture [10]. The Kane-type nonparabolic energy-wavevector
relation is used for all three conduction bands. The
parabolic approximation is assumed for the valence band
and the parameters for the hole gas are chosen from the
recent experiments [17]. The scattering mechanisms con-
sidered here are ionized impurity scattering and phonon
scattering from the polar optical, deformation potential,
and intervalley interactions. Impact ionization is regarded
as an additional scattering mechanism. The role of inter-
band Coulomb scatterings among nonequivalent conduc-
tion band is ignored, which is expected to be small when
compared to those of electron-phonon scatterings. The
material parameters used in the calculation for wurtzite-
phase GaN are listed in Table 1, which are from refer-
ences [10,11,17]. Throughout the paper, the lattice tem-
perature is assumed to be T = 300 K and the free electron
density of GaN and ionized impurity concentration are set
to be 1× 1017 cm−3.

For studying II process in semiconductors, Quade
et al. [18] developed a detailed theory of impact ioniza-
tion including thresholds for general bands within the hy-
drodynamic balance-equation approach. They rigorously
determined the threshold energy εT from momentum
and energy conservation for an individual electron. The
electron will have a probability to produce an electron-
hole pair by II process when its energy is larger than εT .

In the present II model, the overlap integral, IccIcv/κ,
appearing in equation (7) is related to the threshold en-
ergy and to electron distribution function, thus it can be,
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Fig. 1. Calculated average electron velocity, vd, of the whole
system and the normalized electron temperature, T1/T , for
Γ1 valley as functions of electric field with (solid line) and
without (dashed line) II processes. The lattice temperature is
T = 300 K, and the free electron density of GaN and ionized
impurity concentration equal 1× 1017 cm−3.

in principle, calculated from the energy band structure.
In the present study the value of IccIcv/κ is regarded as
an adjustable constant. For GaN, we determine the con-
stant by the following ways: (1) without considering the
II process, we calculate the electron average energy vs.
the electric field and find that when the applied electric
field E = 530 kV/cm the electrons survive to an aver-
age energy of 3.51 eV, a value slightly higher than the
band gap (3.5 eV) of GaN. We denote this threshold elec-
tric field for II as ET [19,20]. (2) With considering the
II process, in order to make the II process contribute to
electron transport characteristics (average electron veloc-
ity and electron temperature) when E ' ET we find that
the value of IccIcv/κ should be 1.12×10−3. Figure 1 shows
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Fig. 2. Average total electron energy, ε, of the system and
the average electron energy, εa, (a = 1, 2, and 3) separate for
the Γ1, L−M , and Γ2 valleys are shown as functions of electric
field with II process. The classical Boltzmann result 3/2kBT1

is also be plotted for comparison with the average energy, ε1,
of electrons in Γ1 valley.

the calculated average electron velocity, vd, of the whole
system (left axis) and the normalized electron tempera-
ture, T1/T , for the Γ1 valley (right axis) as functions of the
electric field. The solid line is with the II process while the
dashed line is without the II process. Differences between
the results with and without II process can be observed for
electric fields higher than ET . The electron temperature is
reduced while the electron average velocity is enhanced by
II process. The reason is that during the II processes the
electron loses at least the gap energy and the remaining
total energy of the electron system is redistributed among
the newly generated carriers. Both effects reduce electron
temperature and consequently increase electron mobility,
yielding a higher average electron velocity.

In Figure 2 we show the average total electron en-
ergy, ε, of the whole system and the electron energy, εa,
(a = 1, 2, and 3) separate for the Γ1, L−M , and Γ2 val-
leys as functions of the electric field. In connection with
the velocity-field curve, the relation of electron energy
vs electric field provides some more physical insight into
transport properties, especially into II process. The de-
pendence of the average total energy on electric field in
GaN shows a behavior typical for compound semiconduc-
tor materials in that the average energy increases abruptly
by almost an order of magnitude near the threshold field
(' 180 kV/cm) for negative differential mobility with a
flattened shape at either the low- or the high-field ranges.
It is also shown that at the high-field range the average
total electron energy is mainly contributed by the elec-
trons in the L−M and Γ2 valleys. In addition, we also
plot in Figure 2 the classical Boltzmann result 3/2kBT1

as function of the electric field. It is found that only at
the lower fields less than 10 kV/cm the Boltzmann results
are in agreement with the calculated average energy, ε1,
of electrons in the Γ1 valley, while at the electric fields
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Fig. 3. Calculated average generation rate, gii, of the whole
system and the generation rate, gaii, (a = 1, 2, and 3) for
each valley are shown as functions of electric field. The in-
set shows the corresponding fractional electron density, na/n,
for each valley.
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Fig. 4. Calculated II coefficient, αii, of GaN is shown as a func-
tion of the inverse electric field. The open circles is the fitted
results by equation (10) for GaN. The II coefficients for GaAs,
obtained by similar calculations and by experiments [22], are
also plotted for comparison.

greater than 10 kV/cm the Boltzmann results are always
less than the calculated energy, ε1. The reason is that the
present calculations are based on the Fermi statistics and
under the high-field condition the nonparabolicity of en-
ergy band plays an important role on electron transport.

The calculated average total generation rate, gii, of
the whole system and the generation rate gaii (a = 1, 2,
and 3) separate for each valleys are shown in Figure 3
as functions of the electric field. Similar to the case in
GaAs [21], the II events in GaN mainly originate from
the second and third conduction band. At the highest
electric field E = 1000 kV/cm, g3

ii is about 10 times as
large as g1

ii. The inset shows the corresponding fractional
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electron densities in all three valleys with the inclusion of
the II process. It can been seen that for a field below the
threshold value for the negative differential mobility, more
than 97% electrons are distributed in the Γ1 valley, and
for a field above this threshold the population of the Γ1

valley decreases suddenly, and those of the L−M and Γ2

valleys increase.
In Figure 4 we show the calculated II coefficient for

GaN as a function of the inverse electric field. For com-
parison, the II coefficients for GaAs, obtained by similar
calculations except that the values of IccIcv/κ are deter-
mined by fitting the experimental data, are also plotted
in this figure. Quantitative agreements of II coefficients
for GaAs between the calculated and the experimental
data [22] confirm the validity of the present II model. In
addition, it is shown that to reach approximately the same
II coefficient for GaN, an electric field about 2.4 times as
large as that for GaAs, is needed. The dependence of the
II coefficient on the electric field E for GaN obeys the
empirical formula

αii = exp

(
−

5175.19 kV/cm

E

)
8.46× 106 cm−1, (10)

which are plotted in Figure 4 as open circles. Since II
coefficient changes by a greater amount with variations
in the scattering rate used in the MC calculations, it may
difficult to directly compare the present II coefficients with
the MC estimates [12]. The experimental work on impact
ionization in GaN is highly desirable.

4 Summaries

In conclusion, based on the nonparabolic balance equa-
tions extended to II process with multivalley semiconduc-
tor structure we have examined electron transport prop-
erties and impact ionization effect in wurtzite-phase bulk
GaN with a three-valley structure at high electric field up
to 1000 kV/cm. Most important transport characteristics,
such as electron velocity, electron energy, and intervalley
transfer, are calculated taking account of different scatter-
ing mechanisms with and without the inclusion of the II
process. It is shown that GaN has a higher threshold elec-
tric field for impact ionization and a smaller II coefficient
when compared to GaAs, which makes it one of the best
materials for high-power device applications.

The work is supported by the National Natural Science Foun-
dation of China, National and Shanghai Municipal Commis-
sions of Science and Technology, and the Shanghai Foundation
for Research and Development of Applied Materials.
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